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Abstract 

The product of quantum mechanics is defined as the ordinary multipli- 
cation followed by the application of superoperator that orders involved 
operators. The operator version of Poisson bracket is defined being the 
Lie bracket which substitutes commutator in the von Neumann equa- 
tion. These result in obstruction free quantization, with the ordering 
rule which coincides with Weyl ordering rule. 
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I Introduction 



Quantization may roughly be thought as transition from classical to quan- 
tum description of a system. What is its precise definition is not generally 
agreed since many of related questions are still opened. With different mo- 
tivations, quantization was approached in different manners, see [5] and ref- 
erences therein. Even in this case, the ordering problem is not trivial. The 
most important problem regarding the quantization of M^" is in that it is not 
known how should the algebraic and Lie algebraic multiplications of quantum 
mechanics be realized in unambiguous and consistent way. 
In [3, 7] one finds a short review of different propositions of symmetrized 
product. In [7] it was shown that there given propositions for symmetrized 
product start to differ for quadratic monomials in q and p. In [8] there is a 
critical discussion of many ordering rules introduced in there cited references. 
In [3, I, 4, 2] and references therein, it was found that algebraic and Lie 
algebraic structures of quantum mechanics are interrelated in such a way that 
obstructions result in quantization which manifest themselves through some 
contradictions in a formalism. A detailed derivation of the Lie bracket of 
quantum mechanics in relation to quantization one can find in [6]. (Needless 
to say, as the standard choice of the Lie bracket of quantum mechanics appears 
the commutator divided by ih.) Because of the mentioned contradictions, one 
can conclude, see [2], that the problem of quantization is impossible or, as 
was noticed in [5], that some subtler symmetrization rule is necessary. 

In this article we shall define the symmetrized product of quantum mechanics. 
Then, by using this product, we shall be able to propose new Lie bracket of 
quantum mechanics. It will be the operator version of Poisson bracket. Since 
in the classical mechanics this bracket is used in equation of motion - the 
Liouville equation, we shall propose the reformulation of dynamical equation 
of quantum mechanics. It will be shown that the von Neumann - Schrodinger 
equation can be seen as the operator version of Liouville equation. In this 
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way quantum and classical mechanics will appear to be the same regarding 
the algebraic and Lie algebraic aspect and the dynamical equation. The same 
realization of these crucial elements of the theories will allow us to propose 
the quantization of R^" that is free of obstruction. Finally, we will show that 
the ordering rule given by our quantization coincide with Weyl ordering rule. 
This fact is proved in Theorem 5. 



II The symmetrizer and symmetrized product 



Let us introduce basic notations and notions. Let = ^n^rni 

permutation group (with repetition) of n examples of q and m oi p . U {Hs) 
will denote the universal enveloping algebra of Heisenberg algebra generated 
by {q ,p ,1} and with the only nontrivial commutator 

[q,p]=ihi. (1) 

If we introduce, the operator h — —ihl, then because of (1) it is clear that the 
set 

B = {q^'p'^hP I n,m,p e No} is a PBW-basis oiU{V.z). We will use the 
following notations U {H3), for subspace of U {H3) generated by p 's and q 's; 
by U {H3)n,m we will denote the subspace of U {H3) generated by all possible 
monomials with n g's and m p^s, i.e., an arbitrary expression of the form 

prni _ _ _ ^ris p nis 

where rii > 0, rrij > and rii — n, Yli=i — 

Definition 1. Let ZY be a C— associative algebra with unit generated by 
{p,q,h,p,^}. Symmetrizer S is a linear map, S : U — > U, defined as 

follows: yAn^rn & U CHs) n,m 

s(i„,j = (^+^) ' J2 <^.p) (2) 
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S(^n,m ■ P) — ^n,m ' P > S(p • v4„^^) — p ■ v4„^^, (3) 

Remark, (a) Because of (1) and (2), it is clear that S{B) — 0, for every 
monomial B eU {H3) which has h as a, factor. 

(b) From the above definition it is clear that S maps all U {H3)n,m onto 

(c) Since all different combinations of involved q 's and p 's appear on the RHS 
of (2), the symmetrized product of two symmetrized monomials, which are the 
Hermitian, obviously will be invariant under the Hermitian conjugation. 

(d) From the physical reasons the action of operator S on another elements of 
U are not important for us (here). 

Definition of symmetrizer enables us to introduce symmetrized product in the 
following way. 

Definition 2. For any two A, B e U{T-iz), the symmetrized product is 
composition of ordinary multiplication and application of symmetrizer: 

AoB = S{A-B). (5) 

Example. The symmetrized product of the square of operator of coordinate 
and the square of operator of momentum is: 

q op = S{q p ) = - [q p +qp qp +qp q +p q p +p qp q +p q )■ (6) 

6 

The formulas, specially (6) and more general (2), are the most 'natural' (with 
respect to symmetry) generalization of famous Dirac's symmetrized product 
given by | {qp +p q). 



n + m 
n 
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Proposition 1. Symmetrized product o is a commutative map. 
Proof: It follows from 



The ordered product of /(r) and p has to be the one half of the anti-commutator 
of these two (this appears in the Hamiltonian of charged particle in the elec- 
tromagnetic field), see [10]. Since with our proposal of symmetrized product 
we do not want to contradict the well-known facts of standard quantum me- 
chanics, we have to prove the following proposition. 

Proposition 2. In the algebra U the following properties hold: 

^ n n n 

i=o j=o j=o 

i,fc>0 j,k>0 

^ 5^ c.fcg^ op'^ = J] /cc,feg^ op'=-\ (10) 

^ j,k>0 j,k>0 

Proof, (a) The LHS can be transformed into: 

For the RHS it holds: 

" 1 . . 
^Cj— -y (p +qp q^''^ H \- q^'^p q +q^p) 

n 



.^0 ^ + 



n " 1 

(q p -ih) +q^ p) = '^Cjq^ p - ih'^Cj -^{j + {j - 1) + hl)g-'~^ 



X 

' ' j + 



j=0 j=0 j=0 ^ j=0 

Therefore, both sides are equaL 

(b) Due to the hnearity of partial derivations, it is enough to prove this equa- 
tion for monomials. In g-^ oj5'^ there are yrlr different sequences in the sum. 
Each sequence contains j operators of coordinate and k operators of momen- 
tum. Partial derivation with respect to q produce j new terms from each of 
these sequences, so there are j terms in the sum after this derivation. 
Each of these new terms is the sequence of j — 1 operators of coordinate and 
k operators of momentum, as is needed for q^^^ o . Since the number of 
different combinations of j — 1 operators of coordinate and k operators of 
momentum is less than j yrlr, many of these new sequences are the same. 
Each of different sequences needed for q^~^ o appears j + k times 
among the new terms and in this way the multiplicative factor , stand- 
ing in front of the sum and coming from q^ op^ is regularized. So, the proper 
multiplicative factor needed for q^^^ op^ is gained. 

(c) Similarly to the previous case. <0> 



III The symmetrized Poisson bracket 

Using the symmetrized product in the previous section we can introduce the 
corresponding Poisson bracket. 

Definition 3. The symmetrized Poisson bracket ol A, B &U {H3) is 
given by: 

li^l -^o — - — o— (11) 
^ ^ dq dp dp dq 



The most important properties of symmetrized Poisson bracket are content of 
the following 
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Proposition 3. (a) The symmetrized Poisson bracket is the Lie bracket of 
quantum mechanical symmetrized observables. 

(b) The symmetrized Poisson bracket is a derivative: 



Proof. That { , }s is hnear holds due to the fact that the partial derivations 
and application of symmetrizer are linear operations. That it is anti-symmetric 
follows from the commutativity of symmetrized product. The confirmation of 
the Jacobi identity can rest on the analogy between algebraic products of 
quantum and classical mechanics and their relations with partial derivations. 
Each step of the calculation in the case of operators g o p , g o p and 
-n"'Q^m"' jjg^g ^jjg corresponding one in the c- number case for g"' -p"*', q^" -p^" 
and q^'" -p^'" which satisfy the Jacobi identity. Due to the linearity of { , }s, 
this identity holds for polynomials and analytical functions of q and p with 
these two operators multiplied according to the symmetrized product. 

(b) Confirmation is trivial due to the one-to-one relation with the c-number 
case. <) 

Since the Poisson bracket is cnicial part of the Liouville equation, it does not 
come as surprise that we want to consider the question whether it is possible 
to reexpress the dynamical equation of quantum mechanics. But, before ad- 
dressing this topic, let us remark that the general state of quantum mechanical 
system p can be expressed via q and p. Details are given in Appendix A. If 
it is seen as p{q,p,t), this operator can be derived with respect to q and p 
directly, as it is done in the case of probability distribution p that describes 
state of classical mechanical system. 

Theorem 4. Let H — Cj ^ o p be a Hamiltonian, then the following 
relations hold 



{A, BoC}s = {A, B}soC+Bo {A, C}s. 



(12) 



(a) 



{H,p}s 




1 



(13) 
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Proof, (a) Due to the linearity of symmetrized Poisson bracket and commu- 
tator, this equation holds if it holds for = g" op™. The LHS of (13) in the 
case of monomial, after partial derivations of H and multiplications, becomes: 



(n + m) ! dp dp dq dq ' 

After substituting with and with -rj^[p , p], (15) can be sim- 

plified. Some terms in this expression are of the form Aq {q p) q B, where A, B 
represent (different) sequences of q 's and p 's and {q p) means that these two 
come from the commutator [g , p]. In transformed (15) terms —Aq q [pq) B, 
where the minus sign comes from the commutator, certainly appear as well. 
So, these terms mutually cancel each other. This holds for all other forms of 
terms except for those where p stands at the beginning or at the end of the 
sequence. Consequently, (15) is equal to: 

1 Tj ^ m ^ 

——^^{{q-p^ + ...+p"^q-)p-p{q-p^ + ...+p-^q-)), 
in [n + my. 

which is nothing else than the RHS of (13) for the considered monomial, 
(b) Directly follows from (a). <0> 

Remark. The equation (14) is the dynamical equation of quantum me- 
chanics. Obviously, von Neumann equation (14) is symmetrized version of 
the Liouville equation. 

Prom the above given, it follows that one can propose quantization which is, 
we believe, unambiguous, i.e., obstruction free in toto. 

Definition 4. Let Let the algebra of variables of a classical mechanical sys- 
tem be generated by 1, g and p, then quantization is transition to operator 
formulation defined in the following way: 

1, P — ^ h, Q, P, (16) 
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• — > °, 



(17) 
(18) 



Remark. The Hamiltonian function of classical mechanical system: 

i 

is mapped in the Hamiltonian 

i 

of quantum mechanical system and dynamical equations of these theories are 
related in the following way: 

IV Symmetrized product and 
Weyl ordering rule 

It is well known that the Weyl ordering rule is given by the following formula 

1 " 

i=0 

and also it is known that Weyl quantization is obstruction free. 

In this section we will prove that our symmetrized product and Weyl ordering 
rule are the same. This fact explains why Weyl quantization is so symmetric. 
More precisely we will prove, 
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Theorem 5. The quantizations given by the following formulas 

1 " 

0{q^f^)^—Y,q^-'p^q\ (19) 



2' 

j=0 



5(g>-)=(" + ^] ' E (20) 

are the same. 

Proof. We will show that the right sides of the formulas (19) and (20) have 
same coefficients in the standard basis of ^(Tis). Firstly, let us start with the 
following identities: 

:)-{,-^)-i"'V)^ pi) 

!;(*) (*) ^■! = 2""''>(»-i)"-(»-i + i). ieN„. (22) 

The relation (1) is equivalent with the following relation 

p q = q p +h, (23) 

where, as we introduced before, h — —ihl . Then using the relation (23), by 
induction one can show the following identities. 

Lemma 5.1. Vm, n e N holds 

(il) p'^q ^qp"" + mp"'-^h, (24) 



(12) p-r = J2( n T k\q'^-'^p--'h'. (25) 



nAm 

k J \ k 

where nAm — min(n, m) . 

Let us now find, using (21), (22) and above lemma, the coordinates of 0{q^ p™') 
in standard basis of U (7^3 ) . We have 



fc=0 ^ ^ 
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k=o ^ ^ \j=o ^ ^ ^ 



k \ I m \ ^. I . fc-i ^ m- 



2 

nAm / n 

i \ ^ n-j ^ m-j 

2" ^ \ k J \ j J ' ' } \ j 

j=0 \k=0 
nAm 



riAm / \ / \ 



j=0 



If we introduce 

n \ / m \ j I 
,j J \ j J 2^' 
then we have 

Lemma 5.2. Vm, n e N, i < n, the following relations hold 



/ n + m-A;\ / n + m + l 
^^1) SI m = n 



k=0 



(i2) E k 

k=l 



n + m — n + m + l 

m I \ n — 1 



/•ON v^/^ / m + A;\ f n + m + l \ f n\ m + 1 
^'^^ £ i z j i m J = I n I [ ^ ) ^^TTT+I 



n 



k=0 



Tl k + TTl ^ f n—k,m , 7_ _-\ ^n—k,m^ 

m 



(i4) E( y ] {a;;r+in-k-j)a^ 



m + n + 1 
m 



a 



n,m+l 
j+1 ■ 
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Proof of Lemma 5.2. (il)-(i3) by induction. For (i4), firstly we check the 
following relation, 

n—k,m , I 1 ■\ n—k,m TH -\- j -\- 2 j n k \ , . , ■ , -i\ 

a^+i' ^{n-k-j)a- = ( ^- ^ ^ ) ("^ - 1) J + 1)> 

then we have 



/ ^ + 777. \ / n—k,m , / 7 n—k,m\ 

m ) K+i +{n-k-j)a. j 

fe=o ^ 

n . 

(m - 1) . . . (m - i + 1) ^ ( 

1 — n ^ 



m + i -\-2 . sr-^ ( n — k + m \ ( n — k 



k=o ^ / V 

k=o ^ / \ •> 

m (m — 1) ... (m — j + 1) (m + j + 2) (m + n + 1) ! 

2^'+! (j + 1) ! m ! (n - J - 1) ! ~ 
m + n + 1 \ n,m+l 



Let us show that S{q"'p"^) is equal to (26). For m = and all n it is clear 
that formula holds. If we assume that it is true for some m e N and arbitrary 
n e No, then using Lemma 5.2., we have 



-1 



n 



i=0 "■i="'+l 



^ \ — 1 n 

n + m+l\ ^^no^ ^ 

/ nn—n n,.>n 



no=0 



i=l rn=m+l 



N — 1 n / N 

n + m + 1 \ ^g«o^ j n-no + m \ 



n 

no=0 
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(n— no)Am 



3=0 

In/ , ^ (n-no)Am 

n-no,m ^jn— j 



^ ' no=0 V ^ / ^-^Q 

. _1 nA(m+l) n , 

n + m + 1 \ X ^ \ - / n — no + m 
n / ^ ^ \ m 

^ j=0 no=0 ^ 

X ( a]-^"'"^ + (n - no - j) a^^'"^ ^ ^n-j-i ^m+i-j y 

nA(m+l) 
j=0 



This completes the proof of Theorem 5. <C> 

V Conclusion 

The symmetrized product and symmetrized Poisson bracket we have defined 
in a way that they in complete imitate the appropriate operations in the c- 
number case. If there is some equation for classical variables, then the same 
equation holds for the quantum counterparts. Consequence of this is that there 
are, we believe, neither algebraic nor Lie algebraic contradictions in quantum 
mechanics based on these operations since no such contradictions appear in 
classical mechanics. Moreover, we have shown that classical and quantum 
mechanics are not just similar from the point of view of algebra. Lie algebra 
and dynamical equation, but have the same realizations of these important 
features. 

Also, in the previous section we showed that our quantization implies the same 
ordering rule as the Weyl quantization. This fact and obvious symmetricity of 
our quantization explain why Weyl quantization is so symmetric. 
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Appendix A 

With the help of: 

W){q'\= J S{q-q')\q){q\dq = S{q-q'), 

and: 

\q"){q'\ = eTn(i"-i'^P\q'){q'\ = e^^^''-'^'^^' • 6{q - q'), 

one immediately finds that the operator corresponding to general pure state 
IV') — J i^{q)\q)dq can be expressed as: 



j j mr{q')\q){q'\dQdq' ^ 
J J i^{q)i^*{q')e^^'^-'^'^^ ■ S{q- q')dqdq'. 



Since p is one concludes that all states of quantum mechanical 

system can be expressed via operators of coordinate and momentum. 
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